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ABSTRACT 
NON-DARCY FLOW CHARACTERISTICS OF WATER AS INFLUENCED BY CLAY CONCENTRATION 
The f l o w  o f  w a t e r  t h r o u g h  s a t u r a t e d  samples o f  m o n t m o r i l l o n i t e  and k a o l i n i t e  
was s t u d i e d  t o  h e l p  c l a r i f y  t h e  e x i s t e n c e  and n a t u r e  o f  non-Darc ian f l o w .  
No t h r e s h o l d  g r a d i e n t s  were found i n  any o f  t h e  samples s t u d i e d .  Non-Darcy 
f l o w  was found i n  9, 30 and 40 w e i g h t  p e r c e n t  m o n t m o r i l l o n i t e  samples b u t  
n o t  i n  a  50 w e i g h t  p e r c e n t  m o n t m o r i l l o n i t e  o r  i n  k a o l i n i t e  samples. The 
p o s s i b l e  causes o f  t h e  non-Darc ian f l o w  a r e  d i scussed .  
A r e f i n e d  t e c h n i q u e  u s i n g  a  p r e s s u r e  t r a n s d u c e r  was deve loped t o  measure 
h y d r a u l i c  c o n d u c t i v i t i e s .  The h y d r a u l i c  c o n d u c t i v i t i e s  o f  s e v e r a l  t y p e s  o f  
samples under v a r y i  ng c o n d i t i o n s  were measured. T r a n s p o r t  e q u a t i o n s  f o r  
c o n v e c t i v e  d i f f u s i o n  i n  porous media were d e r i v e d  and t e s t e d  f o r  c a p i  1 l a r -  
i e s ,  porous diaphragms, sand columns and c l a y  p l u g s .  
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INTRODUCTION 
Transport equations f o r  water and so lu tes  a r e  fundamental t o  a  
descr ip t ion  of r a t e  processes i n  porous media. In the  simplest  form 
f luxes  and driving forces  a r e  assumed t o  be l i n e a r l y  re la ted .  Such a  
model allows so lu t ion  of a  v a r i e t y  of boundary-value problems, t r ans ien t  
and steady s t a t e ,  fo r  both sa tu ra ted  and unsaturated flow. In sa tu ra ted  
flow a n a l y t i c a l  so lu t ions  may be obtained while f o r  unsaturated flow 
numerical methods a r e  required. When p ropor t iona l i ty  between f luxes  
and driving forces is  not  observed, the  t r anspor t  equations a r e  s a i d  
t o  be nonlinear. Such fac to r s  a s  non-Newtonian v i s c o s i t y  of the  per- 
meating f l u i d ,  va r i a t ions  i n  the  porous media, and nonlinear  coupling 
of driving forces  can lead t o  nonl inear i ty .  
I f  hydraulic  pressure comprises the  only va r i ab le  driving force ,  
flow is  s a i d  t o  be Darcian i f  the  t ranspor t  equation i s  l i n e a r ,  while 
deviat ions from l i n e a r i t y  a r e  r e fe r red  t o  a s  non-Darcian flow. !ho 
types of non-Darcian flow have been reported. In the  f i r s t  of these  
a  more-than-proportional increase i n  flow r a t e  occurs upon increase  i n  
the  pressure gradient .  In the  second type, a  f i n i t e  gradient  is required 
t o  produce flow, the  y ie ld  value being re fe r red  t o  a s  a  threshold 
gradient .  
For systems i n  which water and so lu tes  move i n  response t o  pres- 
su re  and concentrat ion g rad ien t s  t r anspor t  takes  place by convective 
d i f fus ion  processes. Whether the  t ranspor t  equations a r e  l i n e a r  or  
nonlinear depends upon the  magnitude of the  Pecle t  number, a s  w e l l  a s  
l i n e a r i t y  of the  individual  t ranspor t  quan t i t i e s .  
The present study was undertaken to further clarify the existence 
and nature of non-Darcian flow. A refined technique was developed for 
the measurement of flow properties in systems with low hydraulic con- 
ductivities. In addition, Dr. Overman conducted experiments to establish 
transport equations for convective diffusion in porous media, 
THRESHOLD GRADIENTS AND NON-DARCI FLOW I N  CLAY-WATER SYSTEMS 
Darcy, i n  1856, pub l i shed  a n  e m p i r i c a l  e q u a t i o n  r e l a t i n g  t h e  volume 
of wa te r  f low t o  t h e  a p p l i e d  h y d r a u l i c  g r a d i e n t .  S i n c e  t h a t  t ime,  t h i s  
s i m p l e  r e l a t i o n s h i p  h a s  been assumed t o  be v a l i d  f o r  wa te r  f low i n  b o t h  
s a t u r a t e d  and u n s a t u r a t e d  sys tems and h a s  become known a s  D a r c y l s  law. 
Some e x p e r i m e n t a l  ev idence  s u p p o r t s  ~ a r c y ' s  e q u a t i o n ,  b u t  t h e r e  have been 
two k i n d s  of s o - c a l l e d  non-Darcy behav io r  r e p o r t e d  i n  t h e  l i t e r a t u r e .  The 
f i r s t  of t h e s e  i s  a  n o n - l i n e a r  r e l a t i o n s h i p  between f low r a t e  and g r a d i e n t ;  
a s  t h e  head i n c r e a s e s  t h e r e  i s  a  d i s p r o p o r t i o n a t e  i n c r e a s e  i n  f low r a t e .  
The second type of d e v i a t i o n  i s  a  t h r e s h o l d  g r a d i e n t ,  a  f i n i t e  g r a d i e n t  
below which no  f low occurs .  
Any d e v i a t i o n s  from a s imple  p r o p o r t i o n a l i t y  between g r a d i e n t  and f low 
has  become known a s  non-Darcy flow. These d e v i a t i o n s  could  i n c l u d e  changes 
i n  t h e  p r o p e r t i e s  of t h e  f l u i d  as w e l l  a s  any changes i n  t h e  m a t r i x .  I t  
may have been more meaningful  and l e s s  c o n f u s i n g  i f  d i f f e r e n t  terms had 
been used f o r  t h e  f l u i d  e f f e c t s ,  i . e .  Newtonian v e r s u s  non-Newtonian, and 
t h e  m a t r i x  e f f e c t s .  
Non-linear s a t u r a t e d  f low has  been found i n  s o i l s  by King (1898) ,  
von E n g e l h a r d t  and Tunn (1954) and Hansbo (1960) and i n  c l a y s  by Micheals  
and L in  (1954) ,  Lutz  and Kemper (1959) and M i l l e r  and Low (1963).  Threshold  
g r a d i e n t s  have been r e p o r t e d  f o r  ceramic  f i l t e r s  by Der jagu in  and Krylov 
(1944) and f o r  c l a y  sys tems by Oakes (1960) ,  L i  (1963) and M i l l e r  and Low 
(1963).  To accoun t  f o r  t h e s e  o b s e r v a t i o n s  one o r  a  combinat ion of s e v e r a l  




Darcy, i n  1856, published an empi r i ca l  equa t ion  r e l a t i n g  the  volume 
of water flow t o  the  app l i ed  hyd rau l i c  g rad i en t .  Since t h a t  t ime, t h i s  
simple r e l a t i o n s h i p  has been assumed t o  be v a l i d  f o r  water flow i n  both 
s a t u r a t e d  and unsa tura ted  systems and has become known a s  Darcy 's  law. 
Some experimental  evidence suppor t s  Darcyl s equa t ion ,  bu t  t h e r e  have been 
two kinds of so -ca l l ed  non-Darcy behavior repor ted  i n  the l i t e r a t u r e .  The. 
f i r s t  of these  i s  a  non-l inear  r e l a t i o n s h i p  between flow r a t e  and g rad i en t ;  
a s  the head inc reases  t he re  i s  a  d i s p r o p o r t i o n a t e  i nc rease  i n  flow r a t e .  
The second type of d e v i a t i o n  i s  a  th reshold  g r a d i e n t ,  a  f i n i t e  g r ad i en t  
below which no flow occurs .  
Any d e v i a t i o n s  from a  s imple p r o p o r t i o n a l i t y  between g rad i en t  and flow 
has become known a s  non-Darcy flow. These d e v i a t i o n s  could inc lude  changes 
i n  the p r o p e r t i e s  of t he  f l u i d  a s  w e l l  a s  any changes i n  t he  mat r ix .  It 
may have been more meaningful and l e s s  confusing i f  d i f f e r e n t  terms had 
been used f o r  the f l u i d  e f f e c t s ,  i . e .  Newtonian versus  non-Newtonian, and 
the  mat r ix  e f f e c t s .  
Non-linear s a t u r a t e d  flow has been found i n  s o i l s  by King (1898), 
von Engelhardt  and Tunn (1954) and Hansbo (1960) and i n  c l a y s  by Micheals 
and Lin (1954), Lutz and Kemper (1959) and M i l l e r  and Low (1963). Threshold 
g r a d i e n t s  have been repor ted  f o r  ceramic f i l t e r s  by Derjaguin and Krylov 
(1944) and f o r  c l a y  systems by Oakes (1960), Li  (1963) and M i l l e r  and Low 
(1963). To account f o r  these  observa t ions  one o r  a  combination of s eve ra l  
e x p l a n a t i o n s  i s  u s u a l l y  invoked. These a r e :  (1 )  q u a s i - c r y s t a l l i n e  w a t e r ;  
(2 )  p a r t i c l e  r e o r i e n t a t i o n ;  (3) e l e c t r o k i n e t i c  e f f e c t s  and (4) a  range i n  
pore  s i z e s .  
Von Enge lhard t  and Tunn, Hansbo, Lutz and Kemper, and M i l l e r  and Low 
accounted f o r  t h e  n o n - l i n e a r i t y  they  observed by invoking t h e  i d e a  t h a t  
c l a y  s u r f a c e s  a l t e r  w a t e r  s t r u c t u r e .  T h i s  a l t e r e d  wate r  i s  thought  t o  be 
more o rdered  because  of su r face- induced  hydrogen bonding and i s  most pro-  
nounced a t  t h e  c lay-wate r  i n t e r f a c e .  The amount of hydrogen-bonded wate r  
d e c r e a s e s  w i t h  d i s t a n c e  from t h e  c l a y  s u r f a c e  u n t i l  normal wa te r  i s  reached.  
The d i s t a n c e  t o  normal wa te r  depends on t h e  s u r f a c e ,  i t s  c h a r g e ,  and t h e  
exchangeable i o n s  p r e s e n t .  When low heads a r e  a p p l i e d ,  wa te r  f lows i n  t h e  
c e n t e r  of t h e  pores  o n l y ,  where t h e  l e a s t - a l t e r e d  wate r  e x i s t s .  With each 
h i g h e r  p r e s s u r e  increment ,  a d d i t i o n a l  l a y e r s  of wa te r  a r e  s h e a r e d ,  g i v i n g  
i n c r e a s e d  p e r m e a b i l i t i e s  o r  f low r a t e s .  This  c o n t i n u e s  w i t h  f u r t h e r  i n -  
c r e a s e s  i n  head u n t i l  t h e  whole pore  i s  conduc t ing  wate r .  
Low (1961) has  suggested t h a t  t h e  p resence  of a  t h r e s h o l d  g r a d i e n t  
would be a c r i t i c a l  t e s t  f o r  t h e  p resence  of q u a s i - c r y s t a l l i n e  wa te r  on 
c l a y  s u r f a c e s .  Below t h e  t h r e s h o l d ,  no water  would f low and thus  e l e c t r o -  
v i s c o u s  o r  p lugg ing  e f f e c t s  could  be d i s c o u n t e d .  M i l l e r  and Low (1963) 
argued t h a t  i f  c l a y  s u r f a c e s  do o r d e r  w a t e r ,  then a t  some c l a y  c o n c e n t r a t i o n  
t h i s  q u a s i - c r y s t a l l i n e  wa te r  would extend a c r o s s  the  e n t i r e  pore .  A f i n i t e  
energy ,  o r  head,  would be needed t o  b reak  down t h i s  s t r u c t u r e d  b a r r i e r  be- 
f o r e  f low would begin .  On t h e  b a s i s  of t h e  t h r e s h o l d  g r a d i e n t  t h e y  r e p o r t e d  
and from exper iments  which i n d i c a t e d  t h a t  t h e  a c t i v a t i o n  energy f o r  wa te r  
f low i n  c l a y  p a s t e s  i n c r e a s e d  a s  t h e  a p p l i e d  g r a d i e n t  d e c r e a s e d ,  M i l l e r  
and Low concluded t h a t  a q u a s i - c r y s t a l l i n e  water s t r u c t u r e  does  e x i s t  on 
c l a y  s u r f  a c e s .  
Michea l s  and L i n  (1954) ,  M a r t i n  (1962) and M i t c h e l l  and Younger (1967) 
s u g g e s t  t h a t  p a r t i c l e  r e o r i e n t a t i o n  i s  t h e  most i m p o r t a n t  e f f e c t  i n  non- 
Darcy flow. These m a t r i x  e f f e c t s  need n o t  be j u s t  a  s imple  movement of 
p a r t i c l e s ,  b u t  may i n c l u d e  bending and f l e x i n g  of p a r t i c l e s  o r  t h e  break-  
i n g  of  e d g e - t o - s u r f a c e  bonds t o  p e r m i t  p a r t i c l e  o r i e n t a t i o n  w i t h  t h e  f low 
p a t h .  
Michea l s  and L in  (1955) p o s t u l a t e d  a n  e l e c t r o v i s c o u s  r e s i s t a n c e  t o  
f low which d e c r e a s e d  w i t h  i n c r e a s i n g  head,  a s  t h e  f low r e s t r i c t i n g  c a t i o n s  
were swept i n t o  t h e  l a r g e r  pores .  Kemper (1960) sugges ted  a s i m i l a r  mech- 
anism. However, Michea l s  and L i n  concluded t h a t  t h e s e  e f f e c t s  were prob-  
a b l y  small. S i n c e  e l e c t r o k i n e t i c  t h e o r y  and e x p e r i m e n t a l  r e s u l t s  s u g g e s t  
t h a t  t h e r e  i s  a  l i n e a r  r e l a t i o n s h i p  between t h e  e l e c t r o v i s c o u s  e f f e c t  and 
a p p l i e d  p r e s s u r e ,  t h i s  f a c t o r  i s  p robab ly  n o t  of major importance .  
M i l l e r  and Low sugges ted  t h a t  n o n - l i n e a r  f low cou ld  be caused by a  
r ange  i n  pore  s i z e .  As t h e  h y d r a u l i c  g r a d i e n t  was i n c r e a s e d ,  t h e  t h r e s h o l d  
g r a d i e n t  was exceeded i n  s m a l l e r  pores  i n c r e a s i n g  t h e  f low r a t e .  A t h r e s h -  
o l d  g r a d i e n t  i s  n e c e s s a r y  f o r  t h i s  e x p l a n a t i o n .  
P o r t i o n s  of t h e  above non-Darcy d a t a  have been c r i t i c i z e d  f o r  v a r i o u s  
r e a s o n s .  L i ' s  (1963) d a t a  was q u e s t i o n e d  by Olsen (1965) because  of un- 
c o r r e c t e d  e x p e r i m e n t a l  e r r o r s  which c o u l d  accoun t  f o r  t h e  r e p o r t e d  t h r e s h o l d  
g r a d i e n t s .  Oakes (1960) c i t e d  o n l y  one of s e v e r a l  exper iments  i n  which 
th reshold  g rad i en t s  were found. Since no experimental  d e t a i l s  were g iven ,  
i t  i s  poss ib l e  t h a t  evapora t ion  and o ther  e r r o r s  weren ' t  compensated f o r .  
Jackson (1967) contends t h a t  t he  th reshold  g rad i en t  t h a t  Derjaguin and 
Krylov (1944) observed i n  ceramics was a  r e s u l t  of osmotic e f f e c t s .  Olsen 
(1965) has shown t h a t  a i r -contaminated c a p i l l a r i e s  could account f o r  some 
of t he  non-Darcy and threshold  g r a d i e n t  c h a r a c t e r i s t i c s  repor ted .  Hansbo's 
repor ted  dev ia t i ons  can be e n t i r e l y  accounted f o r  t h i s  way, and the  d a t a  
of von Engelhardt  and Tunn, M i  l l e r  and Low, and Lutz and Kemper can be 
p a r t i a l l y  d i s c r e d i t e d  on t h i s  b a s i s .  
It i s  c l e a r  t h a t  the  ques t ion  of t h e  ex i s t ence  of g e n e r a l  non-Darcy 
behavior and s p e c i f i c a l l y  th reshold  g r a d i e n t s  f o r  water flow i n  s a t u r a t e d  
c l a y  systems i s  unanswered. Therefore ,  f low s t u d i e s  were conducted i n  
concent ra ted  Wyoming ben ton i t e  and k a o l i n i t e  c l a y  samples. The ex i s t ence  
of the  threshold g rad i en t  was t e s t e d  f o r  s p e c i f i c a l l y  i n  t he se  clay-water  
sys  tems . 
EXPERIMENTAL PROCEDURE 
Figure 1.1 shows the  g l a s s  flow c e l l  and o the r  appara tus  used t o  
t e s t  f o r  a  th reshold  g rad i en t  i n  c lay-water  pa s t e s .  Fine o r  coarse  f r i t -  
ted g l a s s  d i s k s ,  2  cm i n  diameter  and 2  mm t h i c k  were used t o  conf ine  the  
c l ay .  One f r i t ,  F1, was fused i n t o  a  pyrex g l a s s  tube,  the  o the r  f r i t ,  
F2,  being fused i n t o  the  b a l l  end of a  g l a s s  b a l l  and socke t  j o i n t ,  9, s o  
a s  t o  form a  flow c e l l  2.5 cm long. 
The head drop ac ros s  the  flow c e l l  was monitored cont inuously wi th  a  
Pace model KP15 d i f f e r e n t i a l  p ressure  t ransducer ,  wi th  a + l p s i  l i n e a r -  

head a 
Figure 1.2. Hypothetical pressure dissipation curves for opposite 
flow directions. I n i t i a l  heads +h and -ho referring 
t o  heads applied to  the right and ? e f t  s ides  of the 
apparatus, respectively. Solid l ine ,  threshold gradi- 
ent,  'E. Dashed l ine ,  no TG. 
I There was a  d i sp lacement  of  t he  z e r o  Line a s  p r ev ious ly  de sc r i bed  i n  a l l  
montmor i l lon i te  samples,  b u t  no t  i n  t h e  k a o l i n i t e s .  Th i s  was a t t r i b u t e d  
I 
t o  osmotic f o r c e s  and would have no e f f e c t  on t h r e sho ld  g r a d i e n t  measure- 
ments. 
F igu re  1 .3  shows t y p i c a l  pressure- t ime r e c o r d e r  p l o t s  f o r  t h e  30 
weight  pe r cen t  montmor i l lon i te  sample u s ing  i n i t i a l  heads o f  5 ,  20, 50 and 
100 cm H20. There was no i n d i c a t i o n  t h a t  va r i ous  heads had d i f f e r e n t  e f -  
f e c t s  on flow behavior  i n  any of  t h e  samples.  S i m i l a r  r e s u l t s  were ob ta ined  
f o r  a l l  samples s t ud i ed .  
I f  Darcy 's  law i s  a p p l i c a b l e  t o  non-steady s t a t e  flow as w e l l  a s  t o  
I 
I s t e ady  s t a t e  f low, t hen  d a t a  of  t h e  type shown i n  F igure  1.3 can be used t o  
, 
s tudy  t h e  flow p r o p e r t i e s  of t h e s e  systems. The volumetr ic  flow r a t e  Q ,  
1 , and t he  p r e s su re  head h ,  a r e  r e l a t e d  by Darcy 's  law 
Q = K A  h T (1.1) I 
where A i s  t h e  c r o s s - s e c t i o n a l  a r e a  of t h e  flow c e l l , A  i s  t he  l e n g t h  of t he  
porous media and K i s  t h e  hyd rau l i c  conduc t i v i t y .  The t r a n s d u c e r ' s  volu- 
m e t r i c  d i s cha rge ,  Q ,  i s  g iven  by 
dV where t i s  any time and CY= - t h e  t r an sduce r  vo lumet r ic  displacement  f a c t o r .  dh' 
The combination and i n t e g r a t i o n  of  equa t i ons  (1.1) and (1.2) r e s u l t s  i n  
where ho and h , a r e  t h e  i n i t i a l  and f i n a l  p r e s su re  heads r e s p e c t i v e l y .  
Semilog p l o t s  of h  ' h versus  time should be l i n e a r  i f  K i s  cons t an t .  ho* 
diaphragm's equi l ib r ium p o s i t i o n .  I f  t h e r e  i s  a th reshold  g r a d i e n t ,  f low 
w i l l  s t o p  when the th reshold  va lue  i s  reached,  a s  i nd i ca t ed  by the s o l i d  
curves  i n  Figure 1.2. A t  t h i s  po in t  diaphragm movement towards the  equi-  
l i b r ium p o s i t i o n  w i l l  s t op .  The magnitudes of the p l a t eaus  w i l l  be equa l  
from both flow d i r e c t i o n s .  
Montmori l loni tes  a r e  uns tab le  even i n  water and decompose r e l e a s i n g  
s a l t s  i n t o  s o l u t i o n .  Such decomposition, o r  contaminat ion of appara tus ,  
can r e s u l t  i n  unexpected osmotic e f f e c t s .  That such p o t e n t i a l s  a r e  impor- 
t a n t  i n  porous media has been shown by Low (1955) and Jackson (1967). 
These e f f e c t s  can  be t e s t e d  f o r  by p l ac ing  equa l  heads on both s i d e s  of 
the  diaphragm, c l o s i n g  both stopcocks and record ing  the  output .  I f  t h e r e  
a r e  no osmotic e f f e c t s ,  the t ransducer  ou tput  w i l l  no t  change. I f  t h e r e  
a r e  osmotic e f f e c t s ,  water w i l l  mwe toward the  g r e a t e r  s a l t  concentra-  
t i o n ,  genera t ing  a  p re s su re ,  and hence, changing the  r eco rde r  s i g n a l .  
The s t a b l e  osmotic p re s su re  genera ted  i s  then taken a s  the new z e r o  l i n e ,  
wi th  no e f f e c t s  on th reshold  g rad i en t  de te rmina t ions .  The percent  head, 
h/ho, can be ca l cu l a t ed  by adding or  s u b t r a c t i n g  the  osmotic p re s su re  de- 
pending on the h o r i z o n t a l  flow d i r e c t i o n .  The new osmotic z e r o  l i n e  w i l l  
change over extended t imes,  because t he  c l a y  plug i s  no t  a  p e r f e c t  semi- 
permeable membrane. For t he  times involved i n  these  experiments ,  the  
osmotic z e r o  l i n e  was e s s e n t i a l l y  cons t an t .  I f  flow s t u d i e s  a r e  i n i t i a t e d  
and any osmotic e f f e c t s  p r e sen t  a r e  not  accounted f o r ,  apparen t  threshold 
g r a d i e n t s  can  be found. 
RE S ULTS 
No threshold  g rad i en t  was found i n  any of the  c l a y  p a s t e s  t e s t e d .  Over 
the  temperature range of 5 t o  300C, a l l  pressure- t ime recorder  p l o t s ,  from 
e i t h e r  d i r e c t i o n ,  d i s s i p a t e d  t o  one percent  o r  l e s s  of the appl ied  head. 
There  was a d i s p l a c e m e n t  of  t h e  z e r o  l i n e  as p r e v i o u s l y  d e s c r i b e d  i n  a l l  
m o n t m o r i l l o n i t e  samples ,  b u t  n o t  i n  t h e  k a o l i n i t e s .  T h i s  was a t t r i b u t e d  
t o  osmot i c  f o r c e s  and would have no e f f e c t  on t h r e s h o l d  g r a d i e n t  measure-  
ments .  
F i g u r e  1.3 shows t y p i c a l  p r e s s u r e - t i m e  r e c o r d e r  p l o t s  f o r  t h e  3 0  
w e i g h t  p e r c e n t  m o n t m o r i l l o n i t e  sample u s i n g  i n i t i a l  heads o f  5 ,  20,  5 0  and 
100 cm H20. There  was no i n d i c a t i o n  t h a t  v a r i o u s  heads had d i f f e r e n t  e f -  
f e c t s  on f low b e h a v i o r  i n  a n y  o f  t h e  samples .  S i m i l a r  r e s u l t s  were  o b t a i n e d  
f o r  a l l  samples  s t u d i e d .  
I f  Darcy ' s  l a w  i s  a p p l i c a b l e  t o  non-s teady s tate f low as w e l l  a s  t o  
s t e a d y  s ta te  f low,  t h e n  d a t a  o f  t h e  t y p e  shown i n  F i g u r e  1.3 c a n  be used  t o  
s t u d y  t h e  f low p r o p e r t i e s  o f  t h e s e  sys tems.  The v o l u m e t r i c  f low r a t e  Q, 
and  t h e  p r e s s u r e  head h, a r e  r e l a t e d  by D a r c y ' s  law 
where A i s  t h e  c r o s s - s e c t i o n a l  a r e a  o f  t h e  f low c e l 1 , A  i s  t h e  l e n g t h  o f  t h e  
po rous  media and K i s  t h e  h y d r a u l i c  c o n d u c t i v i t y .  The t r a n s d u c e r ' s  volu-  
m e t r i c  d i s c h a r g e ,  Q, i s  g i v e n  by 
dV where t i s  a n y  t ime a n d % =  - t h e  t r a n s d u c e r  v o l u m e t r i c  d i s p l a c e m e n t  f a c t o r .  dh '  
The combina t ion  and i n t e g r a t i o n  o f  e q u a t i o n s  (1.1) and (1.2)  r e s u l t s  i n  
where ho and h, a r e  t h e  i n i t i a l  and f i n a l  p r e s s u r e  heads  r e s p e c t i v e l y .  
Semilog p l o t s  o f  ' h v e r s u s  t ime  s h o u l d  be l i n e a r  i f  K i s  c o n s t a n t .  - 

t 
Semilog p l o t s  f o r  both k a o l i n i t e  samples, F igure  1.4, and f o r  t he  
1 50 percent  montmori l loni te  sample, Figure 1.5, were l i n e a r .  The 9 ,  30 
and 40  weight percent  montmori l loni te  samples showed i n i t i a l  cu rv i -  
I l i n e a r i t y  i n  the  semilog p l o t s ,  bu t  become l i n e a r  a f t e r  approximately 






1 I n  t he  systems t e s t e d  no threshold  g rad ien t s  were found. The water 
i n  these  systems i s  not s t a b i l i z e d  by the  c l a y  su r f aces  t o  the e x t e n t  
, t h a t  a  f i n i t e  pressure  i s  needed t o  cause the  water t o  flow. The water 
J 
I r e t a i n s  f l u i d  p r o p e r t i e s  a t  a l l  c l a y  concent ra t ions .  
Of the  threshold  g rad ien t s  repor ted  i n  the  l i t e r a t u r e ,  M i l l e r  and 
i Low (1963) were the  only ones t o  p re sen t  experimental  d e t a i l  and d a t a .  
1 Of t h e  four  systems they t e s t e d ,  t h ree  had negat ive  or r eve r se  flow a t  
ze ro  g rad ien t .  This was probably a  r e s u l t  of osmotic fo rces  (Jackson, 
1967; Low, 1955). Even though M i l l e r  and Low co r rec t ed  f o r  t he  r eve r se  
flow, 2 of t hese  3 samples showed a threshold  g rad ien t .  The flow a t  
I 
.I z e r o  head makes the  threshold g rad ien t  observed i n  these  two cases  ques- 
1 t i onab le .  The fou r th  sample, 55.5 weight percent  montmori l loni te ,  had ) 
t he  h ighes t  threshold g rad ien t  and no flow a t  z e r o  head. Why a threshold  
I grad ien t  was observed i n  t h e i r  sample and not  i n  t he  50 weight percent  
montmori l loni te  sample t e s t e d  i n  t h i s  work i s  not  known. 
1 I t  can be argued t h a t  because the  30, 40 and 50 percent  c l a y s  pre-  
pared f o r  t h i s  experiment had no hydrous aluminum oxide f i l m  on the 
su r f ace ,  a s  d id  those of M i l l e r  and Low (1963), t he  threshold  g r a d i e n t  
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Figure 1.5. Log percent head vs t i m e  for the 50 percent montrnorillonite 









Figure 1.6. Log percent head vs time plot for the 30 percent 
i 
? montmorillonite sample. Similar semilog plots were 
I obtained for the 9 and 40 percent montmorillonite 
samples. ho = 50 cm ~ ~ 0 .  
observed by them was a  r e s u l t  of such a  f i lm.  The evidence i s  incomplete 
on t h i s  po in t .  
Before d i s cus s ing  the semilog p l o t s  of Figures  1.4, 1 .5 ,  and 1.6 and 
t h e i r  i n t e r p r e t a t i o n ,  the  c h a r a c t e r i s t i c s  of t h e  two c l a y s  used should be 
remembered. 
K a o l i n i t e  i s  a  1: 1 laye r  s i l i c a t e  wi th  t he  i n d i v i d u a l  p l a t e l e t s  he ld  
toge ther  by hydrogen bonding, forming packets  of va r ious  s i z e s .  This i s  a  
non-expanding c l ay .  When a  s i z e  of<?.u i s  quoted,  i t  only means t h a t  i t  
i s  l e s s  than 2~ assuming equ iva l en t  s p h e r i c a l  dimensions.  K a o l i n i t e  has 
a  small  su r f ace  a r e a  because of t he  s t ack ing  of p l a t e s .  Montmori l loni te ,  
on the  o the r  hand, i s  a  2 : l  l aye r  s i l i c a t e  wi th  expanding c h a r a c t e r i s t i c s .  
Montmori l loni te ,  when s a t u r a t e d  wi th  sodium o r  l i t h ium,  i s  no t  considered 
t o  e x i s t  i n  packets  of more than a  few (1-6) i n d i v i d u a l  p l a t e s .  Because 
i t  i s  a n  expanding mineral ,  i t  has a  l a r g e  su r f ace  a r ea .  
Because of i t s  c h a r a c t e r i s t i c s  montmori l loni te  would be expected t o  
be more s u b j e c t  t o  mat r ix  rearrangements.  It w i l l  have a  l a rge  component 
of p a r t i c l e s  t h a t  can bend, f l e x  and move, whereas k a o l i n i t e s  do not  have 
many smal l  p a r t i c l e s  t o  move o r  s h i f t .  S i m i l a r l y ,  because of t h e i r  low 
su r f ace  a r e a ,  k a o l i n i t e s  a r e  u s u a l l y  thought of a s  minimizing water s t r u c -  
t u r e  e f f e c t s .  The k a o l i n i t e ' s  e f f e c t  w i l l  be a s  l a r g e  per u n i t  of a r e a  
bu t  s i n c e  t he re  i s  s o  l i t t l e  a r e a  the  water e f f e c t s  would be hard t o  
measure. Montmori l loni te ,  having both a  l a r g e  su r f ace  a r e a  and a s s o c i -  
a t e d  exchange capac i ty ,  would be expected t o  maximize any water e f f e c t  
t h a t  i s  a  r e s u l t  of s u r f a c e  o r  charge induced phenomena. 
A s  d i scussed  i n  the  l i t e r a t u r e  review, four  explana t ions  have been sug- 
ges ted  t o  account f o r  changes i n  flow r a t e  wi th  changes i n  head (Figure 1.6). 
Since no threshold g rad ien t s  were found, t h e  e f f e c t s  of varying pore 
s i z e s  can be eliminated. The only two hypotheses t h a t  w i l l  be discussed 
are :  matr ix e f f e c t s  and a quas i -c rys ta l l ine  water s t r u c t u r e  r e s u l t i n g  i n  
shear-dependent v i s c o s i t i e s .  
Recall t h a t  f o r  the  2 k a o l i n i t e s  and t h e  50 percent  montmorillonite,  
s t r a i g h t  l i n e  semilog p l o t s  were obtained, Figures 1.4 and 1.5. For the 
9 ,  30, and 40 percent montmorillonite samples, the  semilog p l o t s  were 
cu rv i l inea r ,  Figure 1.6. Water movement i n  the  f i r s t  3 c l ays  obeys 
Darcy's law but i n  the  l a t t e r  3 c l ays  i t  does not.  From the  above d i s -  
cussion, i t  would be expected t h a t  i f  non-Darcy behavior i s  a  r e s u l t  of 
e i t h e r  water o r  matr ix e f f e c t s  they would not  be expected i n  the  k a o l i n i t e  
samples but would be i n  the  montmorillonite samples. Except f o r  the  50 
percent montmorillonite sample, the  semilog p l o t s  bear t h i s  out. 
To expla in  t h e  50 percent da ta ,  t h e  e f f e c t s  of high c lay  concen- 
t r a t i o n s  can be invoked. As t he  montmorillonite sample becomes more 
concentrated the  p a r t i c l e s  a r e  i n  c lose r  proximity and the  swell ing 
pressure between the p a r t i c l e s  increases,  A t  some clay  concentrat ion,  
apparently above 40 percent ,  these  forces  could become g r e a t  enough t o  
s t a b i l i z e  t h e  p a r t i c l e s ,  preventing or  reducing matrix e f f e c t s  a t  the  
low flow r a t e s  used. When 50 weight percent i s  reached, no p a r t i c l e  re- 
arrangement takes place o r  i t  i e  so  slow t h a t  Darcian flow r e s u l t s  a s  
borne out  by the  l i n e a r  semilog p lo t .  
I f  the  water i n  the v i c i n i t y  of c l ay  is  quas i -c rys ta l l ine  the  c lose r  
the  p a r t i c l e s  a r e  together  the  g r e a t e r  t h e  proport ion of ordered water. 
I f  movement of d i f f e r e n t  l aye r s  of t h i s  water i s  shear dependent, the  
g r e a t e r  the  c l ay  concentrat ion,  the  g r e a t e r  the  non-Darcy flow. The 30 
and 40 p e r c e n t  samples would t end  t o  s u p p o r t  t h i s  argument,  b u t  n o t  t h e  
50 p e r c e n t  sample. It i s  p o s s i b l e  t h a t  when t h e  p a r t i c l e s  a r e  t h i s  
c l o s e  t o g e t h e r  (25 A ) ,  t h e  f o r c e  f i e l d s  a r e  s o  g r e a t  t h a t  w a t e r  s t r u c t u r e  
i s  d e s t r o y e d  and Darcy flow c h a r a c t e r i s t i c s  appear  a g a i n .  
Which o f  t h e s e  two p o s s i b i l i t i e s  i s  most l i k e l y  i s  n o t  c l e a r .  It 
would seem t h a t ,  i n  many o f  t h e  exper iments  where non-Darcy f low h a s  
been r e p o r t e d ,  e i t h e r  t h e  samples o r  t h e  method used would be conducive  
t o  p a r t i c l e  rearrangement .  
Why c u r v i l i n e a r i t y  was found o n l y  i n  t h e  i n i t i a l  p o r t i o n  o f  t h e  
, semi log  p l o t s  and became l i n e a r  a t  a b o u t  40 p e r c e n t  p r e s s u r e  d i s s i p a t i o n  
f o r  t h e  9 ,  30 and 40 p e r c e n t  m o n t m o r i l l o n i t e s  i s  n o t  c l e a r .  No ev idence  
i n d i c a t i n g  a  p r e s s u r e  dependent  r e l a x a t i o n  of  t h e  c o n t a i n i n g  c e l l s  could  
be found. How m a t r i x  o r  wa te r  s t r u c t u r e  e f f e c t s  cou ld  cause  t h e  p r e s s u r e  
d i s s i p a t i o n  r a t e  t o  become l i n e a r  w i t h  t h e  same p e r c e n t a g e  p r e s s u r e  r e -  
maining i n  t h e  d i f f e r e n t  samples i s  no t  obvious .  
The p r e s s u r e  d i s s i p a t i o n  w i t h  t ime (F igure  1.6) i n  t h e  30 weigh t  
p e r c e n t  m o n t m o r i l l o n i t e  samples behaved a s  t h e  boundary va lue  problem 
f o r  d i f f u s i o n .  T h i s  sugges ted  t h a t  t h e  p r e s s u r e  t r a n s f e r  was by d i f -  
f u s i v e  p r o c e s s e s .  I f  i t  i s  assumed t h a t  a l l  of  t h e  w a t e r  t r a n s p o r t  i s  
d i f f u s i v e ,  a  d i f f u s i o n  c o e f f i c i e n t ,  D ,  can  b e  c a l c u l a t e d  u s i n g  e q u a t i o n  
where p i s  the  d e n s i t y  of w a t e r ,  g  i s  t h e  a c c e l e r a t i o n  due t o  g r a v i t y ,  
T  i s  t h e  a b s o l u t e  t empera tu re  and R i s  t h e  g a s  c o n s t a n t .  . The c a l c u l a t e d  
21. 
d i f f u s i o n  c o e f f i c i e n t  i s  1 x 1 0 ' ~  cm2/sec which i s  approximately two 
o rde r s  of magnitude g r e a t e r  than  t h a t  f o r  t he  d i f f u s i o n  of water  i n  
normal water,  Hence, t h i s  i s  no t  a d i f f u s i o n  c o n t r o l l e d  process ,  
Threshold g rad ien t s  below which no flow occurred were not  found 
i n  any of t he  samples t e s t ed ,  Non-Darcy flow was observed i n  9, 30 and 
40 weight percent  montmori l loni te  sample but  no t  i n  t h e  50 weight per- 
cen t  montmori l loni te  sample o r  e i t h e r  of t h e  k a o l i n i t e  samples. This 
non-Darcy flow could he caused by mat r ix  e f f e c t s  o r  su r f ace  induced 
water  s t r u c t u r e ,  
HYDRAULIC CONDUCTIVITY MEASUREMENTS WITH A PRESSURE TRANSDUCER 
INTRODUCTION 
Measurements of the  permeabi l i ty  of s o i l s  o r  c l a y s  may be s teady-  
s t a t e  or  t r a n s i e n t - s t a t e  (Klute ,  1965). I n  t he  s t e a d y - s t a t e  method, 
va lues  a r e  obtained f o r  the  s e t  (Q, h ) ,  where h  i s  t he  appl ied  d i f f e r -  
e n t i a l  p r e s su re  head and Q i s  the vo lumet r ic  f low r a t e .  Measurement of 
Q i s  g e n e r a l l y  obtained by fo l lowing  the movement of an  a i r  bubble i n  
a  c a p i l l a r y  tube (Mi l le r  and Low, 1963). This method can lead t o  e r r o -  
neous r e s u l t s  due t o  contaminated c a p i l l a r i e s  (Olsen, 1965). I n  s t u d i e s  
wi th  k a o l i n i t e s ,  Olsen (1966) avoided t h i s  problem by us ing  a  syr inge  
pump t o  c o n t r o l  Q.  With t he  t r a n s i e n t - s t a t e  method the  s e t  (h ,  t )  i s  
monitored, where t i s  the  time. Values of h  a r e  obtained from piezometers.  
Response time i s  inve r se ly  r e l a t e d  t o  t h e  bore of t he  s tandpipes ,  and f o r  
systems of low conduc t iv i t y  may become too  long t o  ob t a in  meaningful d a t a .  
Employment of a  p ressure  t ransducer  wi th  low volume displacement  can over- 
come t h i s  problem. 
DESCRIPTION OF THE PRESSURE TRANSDUCER METHOD 
The permeameter and pressure  t ransducer  a r e  assemb'led a s  shown i n  
F igure  2.1. A d i f f e r e n t i a l  water head of h  cm of H 0 i s  app l i ed ,  which 2  
d i s p l a c e s  t he  diaphragm wi th in  t he  t ransducer .  Upon c l o s i n g  t h e  s topcock,  
t h i s  head d i s s i p a t e s  wi th  time due t o  t r a n s f e r  of water  through the  per-  
meameter. By measuring the  vo l t age  ou tput  of t he  t r ansduce r ,  a  record of 
head wi th  time i s  obtained.  
The s e t  ( Q ,  h )  i s  assumed r e l a t e d  by Darcy1s  law 
where K i s  t h e  h y d r a u l i c  c o n d u c t i v i t y ,  A t h e  c r o s s - s e c t i o n a l  a r e a  of t h e  
permeameter, and A t h e  l e n g t h  ~f  t h e  s o i l  column. Volumetr ic  d i s c h a r g e  
of t h e  t r a n s d u c e r  i s  g iven  by 
where rr = - dv t h e  v o l u m e t r i c  d i sp lacement  f a c t o r  of t h e  t r a n s d u c e r ,  i s  a  dh '  
c o n s t a n t  f o r  heads l e s s  than  h  . S o l u t i o n  of t h e  system of e q u a t i o n s  
0 
(2.1) and (2.2) y i e l d s  
where h  and h, a r e  t h e  i n i t i a l  and f i n a l  p r e s s u r e  heads r e s p e c t i v e l y ,  
0 
and 7 = h / A K  i s  t h e  time c o n s t a n t  of t h e  system. 
2  / A n a l y s i s  of the  d a t a  from a 72 weight  p e r c e n t  s a t u r a t e d  k a o l i n i t e -  
i l l u s t r a t e s  t h i s  t echn ique .  The c l a y  was t h e  2 - 2 0 u  s i z e  f r a c t i o n  w i t h  
60 p e r c e n t  i n  t h e  2 - l o p  range.  A pace model KPl5 d i f f e r e n t i a l  p r e s s u r e  
t r a n s d u c e r ,  _+ 1 p s i  diaphragm, was connected a s  shown i n  F i g u r e  2.1.  Trans- 
d u c e r  o u t p u t  was provided by a  Pace model C D l O  c a r r i e r - d e m o d u l a t o r .  The 
d c  v o l t a g e  was a p p l i e d  t o  a  1: 100 v o l t a g e  d i v i d e r  t o  o b t a i n  a  m i l l i v o l t  
s i g n a l  s u i t a b l e  f o r  a  S a r g e n t  model SR r e c o r d e r .  The -vo l tage  s i g n a l  was 
t h e n  a t t e n u a t e d  s o  t h a t  h  = 50 cm H 0  corresponded t o  100 p e r c e n t  on t h e  2  
c h a r t  paper ,  whi le  h  = 0 cm H 0  corresponded t o  0  p e r c e n t .  A f t e r  a p p l y i n g  2  
ho, t h e  t e f l o n  s topcock was c l o s e d  and r e c o r d i n g  begun. A f t e r  f i v e  min'utes. 
2 ~ i n e r a l s  and Chemicals P h i l i p p  C o r p o r a t i o n ,  Menlo Park,  N.J. 

t h e  p r e s s u r e  head had e s s e n t i a l l y  reached i t s  f i n a l  v a l u e .  Readings 
from t h e  c h a r t  a r e  shown i n  F i g u r e  2.2,  where ho = 50 and hm = 0. A 
r e g r e s s i o n  a n a l y s i s  w i t h  - In  h /ho a s  t h e  dependent  v a r i a b l e  and t ime t h e  
independent  v a r i a b l e  r e s u l t e d  i n  7 = 1.214 - + 0.006 a t  t h e  95% conf idence  
l e v e l .  The s o l i d  l i n e  i n  F i g u r e  2 ,2  i s  t h e  r e g r e s s i o n  l i n e .  A c l a y  
3  
column o f  2.0 cm d i a m e t e r ,  2.4 cm long ,  and w = 1.10 loo4 cm /cm H20, 
r e s u l t e d  i n  a  c a l c u l a t e d  h y d r a u l i c  c o n d u c t i v i t y  K = 1.16 loo6 cm/sec. 
T h i s  va lue  i s  i n t e r m e d i a t e  t o  t h a t  o f  Olsen  (1966) and t h e  value  o f  
Micheals  and L i n  (1954) f o r  k a o l i n i t e  o f  t h e  same c o n c e n t r a t i o n  b u t  from 
d i f f e r e n t  sources .  
DISCUSSION 
It was shown above how u s e  of  a  p r e s s u r e  t r a n s d u c e r  can  reduce t h e  
t ime c o n s t a n t  f o r  measur ing h y d r a u l i c  c o n d u c t i v i t y .  R e s u l t s ,  F i g u r e  2.2, 
u s i n g  k a o l i n i t e ,  where K 9 lom6 cm/sec i n d i c a t e  t h e  p o t e n t i a l  o f  t h e  
method. T h i s  t e c h n i q u e  has  been used w i t h  a  number o f  m a t e r i a l s  and ex- 
p e r i m e n t a l  c o n d i t i o n s .  The r e s u l t s  a r e  summarized i n  Table  2.1. I n  
g e n e r a l ,  t h e r e  i s  a  d e c r e a s e  i n  c o n d u c t i v i t y  w i t h  i n c r e a s i n g  c l a y  concen- 
t r a t i o n  and w i t h  d e c r e a s i n g  t empera tu re  and p a r t i c l e  s i z e .  Varying t h e  
i n i t i a l  g r a d i e n t  does  n o t  change t h e  c o n d u c t i v i t y .  The v a l u e s  a r e  com- 
p a r a b l e  to '  v a l u e s  o b t a i n e d  p r e v i o u s l y  by o t h e r  methods (Micheals  and L i n ,  
1954; M i l l e r  and Low, 1963; Olsen ,  1966) ,  
The semilog p l o t s  of  - ?a v e r s u s  t f o r  t h e  9 ,  30,  and 40 we igh t  
0 - n* 
p e r c e n t  m o n t m o r i l l o n i t e s  were n o t  l i n e a r ,  b u t  were c u r v i l i n e a r  u n t i l  ap-  
p rox imate ly  40 p e r c e n t  of t h e  head had d i s s i p a t e d ,  a f t e r  which t h e  p l o t  
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was l i n e a r .  The cause of t he  n o n l i n e a r i t y  i s  no t  known. Hydraulic 
c o n d u c t i v i t i e s  were c a l c u l a t e d  us ing  the  l i n e a r  p a r t  of the p l o t .  These 
va lues  agreed w e l l  wi th  those of M i l l e r  and Low (1963). For the  mont- 
m o r i l l o n i t e  systems, e s t ima te s  of h, become important  (Jackson, 1967) 
and a r e  more d i f f i c u l t  t o  make because of the  longer time cons t an t s .  
Since t he  system descr ibed  i s  s e n s i t i v e  t o  smal l  volume t r a n s f e r ,  
s e v e r a l  p recaut ions  must be taken i n  i t s  u se ,  These a r e :  (1) l i n e a r i t y  
of vo l t age  wi th  pressure  i npu t ;  (2 )  constancy of the  vo lumet r ic  d i sp l ace -  
ment f a c t o r ,  ry ; (3)  absence of l e aks ;  (4) smal l  expansion of any j o i n t s  
wi th  p re s su re ;  and (5)  temperature c o n t r o l ,  
For the t ransducer  used i n  t h i s  s tudy  l i n e a r i t y  was b e t t e r  than 1 
pe rcen t  a s  shown by applying known heads and measuring the  ou tput .  A 
number of commercial systems a r e  a v a i l a b l e  wi th  t h i s  l e v e l  of p r ec i s ion .  
Constancy of a f o r  the Pace t ransducer  (21  p s i  diaphragm) was 
e s t a b l i s h e d  by connect ing a  p r e c i s i o n  bore c a p i l l a r y  t o  one s i d e  of the  
t ransducer  and applying known heads t o  t h e  oppos i te  s i d e .  A meniscus i n  
t he  c a p i l l a r y  was found t o  d i s p l a c e  l i n e a r l y  wi th  head up t o  50 cm H20, 
bu t  exh ib i t ed  n o n l i n e a r i t y  beyond t h i s  range. 
Leakage may be t e s t e d  by c l o s i n g  the r i g h t  s i d e  of the  permeameter, 
F igure  2.1, and applying a  head t o  the  l e f t  s i d e .  Upon c l o s i n g  the  s top -  
cock, t h i s  p r e s su re  head w i l l  be maintained wi th  time i f  no leaks  a r e  
p re sen t .  
Expansion of j o i n t s  can be troublesome by overshadowing the  d i s -  
placement f a c t o r ,  n ,  of the  t ransducer .  The e x t e n t  of expansion may be 
determined by d isconnec t ing  the  r i g h t  s i d e  of the t ransducer ,  Figure 2.1, 
SOLUTE TRANSPORT BY CONVECTIVE DIFFUSION 
INTRODUCTION 
I n  t h i s  d i s c u s s i o n  s o l u t e  t r a n s p o r t  w i l l  be t r e a t e d  w i t h i n  the  
framework of continuum mechanics r a t h e r  than  molecular ,  o r  s t a t i s t i c a l ,  
mechanics. This approach n a t u r a l l y  g ives  r ise t o  t he  we l l  known c o n t i -  
n u i t y ,  o r  mass balance,  equa t ion  (cf  Cole ,  1962). Only two d r i v i n g  
p o t e n t i a l s  w i l l  be cons idered ,  2., g r a d i e n t s  of concen t r a t i on  and 
pressure .  Furthermore, adso rp t ion  and chemical r e a c t i o n  w i l l  be ex- 
cluded from the  t reatment .  
I n  our  c o n t e x t ,  s o l u t e s  mwe through a  porous system by two proces-  
s e s .  F i r s t ,  i f  t h e  s o l u t i o n  i s  flowing r e l a t i v e  t o  the  s o l i d  boundary, 
then  t r a n s p o r t  Qccurs  by convec t ion ,  s o l u t e  f l u x  being c o n t r o l l e d  simply 
by t h e  f l u x  of s o l u t i o n  and the  s o l u t e  concen t r a t i on  w i th in  t he  s o l u t i o n .  
Second, concen t r a t i on  d i f f e r e n c e s  w i t h i n  t he  s o l u t i o n  g ive  r i s e  t o  d i f -  
f u s i o n ,  t h e  system tending  toward uniform concen t r a t i on  throughout.  
For h igher  f low r a t e s  t he  d i f f u s i v e  exchange i s  enhanced and the  
o v e r a l l  process  i s  r e f e r r e d  t o  as d i spe r s ion .  The so -ca l l ed  d i s p e r s i o n  
c o e f f i c i e n t  i s  observed t o  i n c r e a s e  a s  s o l u t i o n  f l u x  i nc reases .  With 
d imin ish ing  flow r a t e  t he  d i s p e r s i o n  c o e f f i c i e n t  degenera tes  t o  t he  
molecular d i f f u s i o n  c o e f f i c i e n t .  A s  t he se  s t u d i e s  c l e a r l y  show, s o l u t e  
t r a n s p o r t  i s  then descr ibed  by the  l i n e a r  supe rpos i t i on  of t he  d i f f u s i o n  
and convect ion equa t ions .  It w i l l  be seen ,  however, t h a t  t h e  d i f f e r e n c e  
form of F i c k ' s  f i r s t  law may be employed only under r a t h e r  l im i t ed  condi- 
t i o n s .  This  r e s t r i c t i o n  a r i s e s  from the  gene ra l  n o n l i n e a r i t y  of t he  
concen t r a t i on  p r o f i l e .  
Mathematical ly ,  t he  e f f e c t  of corlvec t i o n  i s  t o  r e p l a c e  t he  temporal 
d e r i v a t i v e a l a t  i n  t he  c o n t i n u i t y  equa t ion  by the  m a t e r i a l  d e r i v a t i v e  
D / D t  = a / a t  + v  o . The s i g n i f i c a n c e  of t he se  two forms i s  d iscussed  
by B i rd ,  S tewar t ,  and L igh t foo t  (1960). When t h e  s o l u t i o n  remains f i xed  
i n  t he  coo rd ina t e  frame, t he  two a r e  synonymous. 
Phys i ca l l y ,  t he  n e t  r e s u l t  of d i f f u s i o n  and convect ion depends upon 
the  d i r e c t i o n  and magnitude of each. When the  two a r e  p a r a l l e l  n e t  f l u x  
of s o l u t e  i s  enhanced, whereas, n e t  f l u x  i s  reduced when the  two a r e  a n t i -  
p a r a l l e l .  A s  mentioned above, t h e r e  i s  a n  i n t e r a c t i o n  due t o  i n f luence  
of convect ion on the  concen t r a t i on  g rad i en t .  
A t t en t ion  i s  f i r s t  focused on flow through c y l i n d r i c a l  c a p i l l a r i e s ,  
due t o  t h e i r  geometric s i m p l i c i t y .  The t rea tment  i s  then extended t o  
porous media such a s  porous diaphragms and packed columns. 
TRANS PORT I N  CAPILLARIES 
The c o n t i n u i t y  equa t ion  f o r  convect ive d i f f u s i o n  i s  
D e f i n i t i o n s  of the terms may be found a t  t he  beginning of t h i s  r e p o r t .  By 
assuming r a d i a l  symmetry f o r  concen t r a t i on  and ve loc i ty ' ,  constancy of t h e  
d i f f u s i o n  c o e f f i c i e n t ,  and P o i s e u i l l e ' s  equa t ion  f o r  v e l o c i t y  d i s t r i b u t i o n ,  
Taylor (1953) g ives  
t 
f o r  t he  c o n t i n u i t y  equat ion.  Overman (1965) s i m p l i f i e d  equa t ion  (3.2) by 
neg lec t ing  the  r a d i a l  component of t he  Laplacian and by r e p l a c i n g  the  
pa rabo l i c  v e l o c i t y  term by an average v e l o c i t y  'i;, which reduces t he  problem 
t o  one of a x i a l  t r a n s p o r t .  Equation (3.2) then becomes 
Consider t he  s t e a d y - s t a t e  ca se ,  f i r s t .  With t he  boundary cond i t i ons  
C(x=O) = C and C(x= 9 = CJ?, , t he  s o l u t i o n  t o  equat ion (3.3) i s  
0 
where 8 = ~ V / D  = RQ/DA i s  the  Pec l e t  number. The behavior  of equa t ion  
(3.4) i s  shown i n  F igure  3.1. For pure d i f f u s i o n  equa t ion  (3.4) becomes 
l i n e a r ,  c o n s i s t e n t  wi th  t he  s o l u t i o n  of t he  d i f f u s i o n  equa t ion .  Average 
concen t r a t i on  of s o l u t e  i n  t he  c a p i l l a r y  i s  g iven  by 
where C (i5) = c o t h  Z - 112 i s  the  Langevin func t ion .  The a p p l i c a b i l i t y  
of equa t ion  (3.5) t o  d a t a  obtained wi th  D20 - H 0  has ' been  confirmed i n  2  
a  paper by Overman and M i l l e r  (1968). Agreement between theory and exper i -  
ment was w i th in  2  percent  f o r  a  P e c l e t  number of 3.88. The known va lue  f o r  
t h e  d i f f u s i o n  c o e f f i c i e n t  of D20 - H 0  was used. 2  
The t r a n s i e n t  s o l u t i o n  t o  equa t ion  (3.3) ,  s u b j e c t  t o  t h e  boundary and 
i n i t i a l  cond i t i ons  C ( 0 , t )  - Co, C ( 1 , t )  C j ,  and C(x.0) - C o ,  has  been 
8" 0 
O'T 
obtained by Overman (1968a) i n  t he  form 
I n  the  l i m i t  t + m  equa t ion  (3.6) reduces t o  equa t ion  (3.4). Average 
concen t r a t i on  i s  now given by 
Again i n  t h e  l i m i t  t +  equat ion  (3.7) reduces t o  equa t ion  (3.5).  
Measured va lues  agreed wi th  those  p red i c t ed  by equa t ion  (3.7) t o  w i th in  
2 pe rcen t  f o r  a  P e c l e t  number of 3.88. Discrepancies  probably occur  f o r  
small  t due t o  neg lec t  of t h e  r a d i a l  component of t h e  Laplacian opera tor .  
These r e s u l t s  suggest  t h a t  n e t  t r a n s f e r  of s o l u t e  i s  adequate ly  des- 
c r ibed  by 
a t  seeady s t a t e .  The i n t e g r a l  form of t h e  t r a n s p o r t  equa t ion  
i s  obtained by combining equat ions 3,4 and 3.8. Two s p e c i a l  cases  follow: 
a s  expected. I n  gene ra l ,  equa t ion  (3.9) i s  not  t h e  l i n e a r  sum of equat ions  
(3.10) and (3.11). This would only be a  good approximation f o r  @ << 1, 
a s  may be shown by expanding the  exponent ia l s  i n  Taylor s e r i e s  and neg lec t -  
i n g  higher-order  terms. 
TRANSPORT THROUGH A POROUS DIAPHRAGM 
To determine the  a p p l i c a b i l i t y  of t he  convect ive d i f f u s i o n  theory t o  
porous systems, s t u d i e s  were next  conducted wi th  a  porous diaphragm. 
I n i t i a l l y ,  i t  w a s  no t  c l e a r  what r o l e  t he  po ros i ty  might p l ay  i n  t he  theory. 
It might be expected t h a t  r e d e f i n i t i o n  of t he  Pec le t  number t o  inc lude  
po ros i ty  would be necessary.  Such r e d e f i n i t i o n  would i n  a l l  l ike l ihood 
g ive  r i s e  t o  ambigui t ies  i n  t he  new d e f i n i t i o n s  of flow a r e a ,  pa th  length ,  
and the  e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t .  A t  b e s t  s t a t i s t i c a l  cha rac t e r i za -  
t i o n  would be r equ i r ed ,  involv ing  an  element of a r b i t r a r i n e s s  a t  some poin t .  
It was decided t o  i nco rpora t e  t h e  e f f e c t  of po ros i ty  i n t o  the  d i f f u s i o n  
c o e f f i c i e n t ,  l eav ing  A and R a s  t he  c r o s s - s e c t i o n a l  a r e a  and membrane 
th ickness ,  r e spec t ive ly .  The na tu re  of t h e  experiment d id  no t  a l l ow 
eva lua t ion  of t h i s  dec i s ion .  
For steady state, net transport across the diaphragm is assumed 
given by equation (3.9) with the definitions discussed above. If solute 
moves into a compartment of volume V at position A, then solute concen- 
tration in that volume will change with time. If the volume of the 
membrane is small, say less than 10 percent, compared to V, then to a 
good approximation QN = v dcR/dt. Combination of this expression with 
equation (3.9) yields 
This equality is reasonable if CA changes slowly, as will be the case, 
Using the conditions Ce(t=0) = Cox and li~n CA = c;, integration of equa- 
t+w 
tion (3.12) leads to 
8 
where T = - - F] is the convective diffusion time constant and 5 = Coe . DA - 0 
Since RVIDA = T~ is the diffusion time constant, it follows that 
A sintered glass filter 20 mm diameter x 2 mm thickness, 5 u nominal 
pore size, was chosen for the diaphragm. The solute was KC1. Description 
of the experimental system has been given by Overman (1968b). Only the 
results will be discussed here. 
First, a transient diffusion experiment was performed as described by 
Robinson and Stokes (1959). Then, experiments were conducted with various 
induced flow rates. Table 3.1 gives the results of these experiments, 
all conducted at 25OC. A time constant is not available for 0 = - 5.313 
due to irregularity in the bath during that run, It is apparent from 
column two that values obtained for DA/R from the flow experiments agree 
quite well with that measured in the diffusion experiment. Also agreement 
between the calculated and observed time constant ratios is reasonably 
good, These results indicate that net transport of ions is adequately 
described for this system by equation (3.9). 
As pointed out above, values for D, A and A were not obtainable from 
this experiment; on1.y the group DA/A was evaluated, Such is the case 
because of the assumption that membrane volume was negligible compared 
to the volume of the end chamber, i,e,, storage of ions within the mem- 
branes is negligible, Hence, no capacitance term appears in the transient 
so~ution, 
TRANSPORT THROUGH A CLAY PLUG 
A brief discussion of the applicability of convective diffusion theory 
to ion transport through compacted clay now follows, a more detailed dis- 
cussion having been given by Overman (1968~). For this purpose, data was 
taken from the literature for two similar systems, Both studies used ben- 
tonite clay under steady state conditions, Since concentration distribu- 
tions were measured, equation (3.4) is used for analysis, The Peclet number 
is defined as before, with the effect of the tortuous flow path being 
included in the system diffusion coefficient, 
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Figure 3.2 shows r e s u l t s  f o r  d a t a  taken from Kemper and van Schaik 
(1966). The corresponding d i s t r i b u t i o n  equat ion  i s  
Agreement between da t a  po in t s  and equat ion  (3.15) is w i t h i n  7 percent  
throughout t h e  column, Fur ther  a n a l y s i s  showed t h a t  t h e  r a t i o  convect ive 
t r a n s p o r t l d i f f u s i v e  t r a n s p o r t  was 0.47, However, t h e  c a l c u l a t e d  s o l u t i o n  
flow r a t e  i s  higher  than measured. Also, t h e  c a l c u l a t e d  d i f f u s i o n  co- 
5 a 
. e f f i c i e n t  1.90 o 10- cm I s e c  i s  too  large.  . 
Figure 3.3 a p p l i e s  t o  da t a  taken from Dutt and Low (1962)- In t h i s  
ca se  t h e  d i s t r i b u t i o n  equat ion  i s  
Agreement between d a t a  p o i n t s  and equat ion  (3.16) i s  b e t t e r  than 3 percent ,  
6 2 
The c a l c u l a t e d  d i f f u s i o n  c o e f f i c i e n t  6.54 * 10- cm / s e c  i s  nea re r  t o  t h e  
expected value. Streaming r a t e  was n o t  measured, Re la t ive  t r a n s p o r t  was 
c a l c u l a t e d  a s  17 percent  f o r  t h i s  experiment. 
The a b i l i t y  of equat ion  (3.4) t o  desc r ibe  observed'  concent ra t ion  d i s -  
t r i b u t i o n s  might be taken a s  evidence f o r  t h e  v a l i d i t y  of convect ion d i f -  
fu s ion  theory. Appl ica t ion  of d i f f e r e n t  s a l t  concent ra t ions  t o  two ends of 
a c l a y  plug can induce osmotic t r a n s f e r  of water ,  a s  shown by Kemper and 
van Schaik (1966)* This should l ead  t o  a non l inea r  concen t r a t ion  p r o f i l e .  
In a d d i t i o n ,  however, t h e  theory should l ead  t o  a r e a l i s t i c  e s t ima te  of t h e  
'(9961) yraqag uah pua aaduax 30 2uamyaadxa 30 srsd~~uv *ze€ azn8r.g 

d i f f u s i o n  c o e f f i c i e n t .  Analys i s  above showed f a i l u r e  t o  do s o  i n  a t  l e a s t  
one of t he  experiments.  
It was suggested by Kemper and van Schaik (1966) t h a t  t h e  c u r v i l i n e a r  
d i s t r i b u t i o n  was probably d u e , t o  nonuniform d i s t r i b u t i o n  of c l a y  i n  t he  plug. 
A t  t he  end wi th  lower s a l t  concen t r a t i on ,  swel l ing  p re s su re  would be h igher  
than  a t  the  oppos i te  end, l e ad ing  t o  mig ra t i on  of c l a y  p a r t i c l e s ,  eventua l -  
l y  a t t a i n i n g  a  s t a b l e  s t a t e .  I n  t u r n ,  one would expec t  a  v a r i a b l e  d i f f u s i o n  
c o e f f i c i e n t  D(x). 
Following t h i s  sugges t ion  the  d i f f u s i o n  c o e f f i c i e n t  i s  assumed t o  have 
the  form 
D = D  e  k x l  
0 
where Do i s  the  d i f f u s i o n  c o e f f i c i e n t  a t  x  = 0 and k governs t h e  r a t e  of 
change of the  c o e f f i c i e n t  w i th  p o s i t i o n .  Combining equa t ions  (3,8)  and 
(3.15),  and performing the  i n t e g r a t i o n ,  l e ads  t o  
c c f i = l -  exp ( g o  1 ; e - k x l e )  -1 
where B o  = LQ /DoA. For k  = 0 (cons tan t  d i f f u s i o n  c o e f f i c i e n t )  equa t ion  
(3.18) reduces t o  equa t ion  (3.4). For go  = 0 (no s t reaming)  t he  reduced 
form i s  
which i s  the  form of equa t ion  (3.4) f o r  6 < O .  Hence, the  a l t e r n a t i v e  
explana t ion  of the  c u r v i l i n e a r i t y  i s  a l s o  p l a u s i b l e .  
It should be apparent  from t h i s  d i s c u s s i o n  t h a t  q u a n t i t a t i v e  desc r ip -  
t i o n  of i o n  t r a n s p o r t  through c l a y s  which e x h i b i t  swe l l i ng  p re s su re  becomes 
somewhat complex. This  i s  no t  t o  d i smiss  the  ex i s t ence  of convect ive d i f -  
f u s ion  i n  such systems, b u t  i n d i c a t e s  t h a t  q u a n t i f i c a t i o n  i s  e l u s i v e .  Per- 
haps t he  t reatment  given he re  provides  some i n s i g h t  a s  t o  proper approach. 
TRANSPORT THROUGH A SAND COLUMN 
Experiments s i m i l a r  t o  those f o r  the porous diaphragm were conducted 
wi th  sand. A sand column 1.00 cm t h i c k  and 3.75 cm diameter  was mounted i n  
a  p l a s t i c  tube between s t a i n l e s s  s t e e l  sc reens .  A s o l u t i o n  of K C 1  was maiw 
ta ined  a t  f i xed  concent ra t ion  C a t  x  = 0 by cont inuous recharge of approx- 
0 
imately 1 l i t e r  per day. Concentrat ion C A a t  x  = 1 was measured wi th  time 
by use of a  conduc t iv i t y  c e l l  and impedance br idge .  S t i r r i n g  of the  so lu-  
t i o n s  was accomplished wi th  magnetic ba r s  r o t a t i n g  a t  30 rpm. The flow 
0 0 
assembly was mounted i n  a  thermostat  a t  30 C ,  wi th  c o n t r o l  of k0.02 C .  
A d i f f u s i o n  experiment was f i r s t  performed t o  determine the  d i f f u s i o n  
c o e f f i c i e n t .  The column was mounted i n  a  h o r i z o n t a l  p o s i t i o n  t o  avoid 
- 2 
n a t u r a l  convect ion due t o  d e n s i t y  v a r i a t i o n s .  Beneath the  column 10 
N K C 1  was maintained. D i s t i l l e d  water f i l l e d  the  column and upper chamber 
i n i t i a l l y .  The c o n t i n u i t y  equa t ion ,  a long  wi th  i n i t i a l  and boundary condi- 
t i o n s ,  f o r  t he  system a r e  
where (I = volume of sand column/volume of upper chamber, be ing  approx i -  
mate ly  u n i t y  f o r  t h i s  exper iment .  The s o l u t i o n  t o  boundary-value problem 
(3.20) i s  found by Laplace  t r ans form t o  be 
1 - co A: + o 2  ca = 2 z  s i n  An - D X ~ Z  t - e -  
co n"l A: + 02, An a2 
where A n  a r e  t h e  r o o t s  of A n  t a n  An = 0 .  Observed t r a n s i e n t  r esponse  i s  
I i shown i n  F i g u r e  3 .4 .  A f t e r  24 hours  t h e  d a t a  a r e  s e e n  t o  form a  s t r a i g h t  
l i n e .  Regress ion  a n a l y s i s  of t h e  d a t a  i n c l u s i v e  of 24 and 72 hours  y i e l d s  
,l 
t h e  e q u a t i o n  
I 
w i t h  t i n  hours .  I n  t h i s  t ime r e g i o n  on ly  t h e  l e a d i n g  term on t h e  r i g h t  
s i d e  of e q u a t i o n  (3.21) remains a p p r e c i a b l e  s o  t h a t  
t, hrs 
Figure 3.4. Transient diffusion experiment for sand column. 
A? + f 
2 s i n  Al - 
- 1.1220 A; + o2 + @ A1 
hold. Carslaw and Jaegar  (1959) g ive  a t a b l e  f o r  t he  r o o t  equa t ion  from 
which we ob ta in  dl = 1.04 and = 0.8720 t o  s a t i s f y  the  f i r s t '  of equa- 
- 6 t i o n s  (3.23). From the  second equa t ion  i t  fol lows t h a t  D = 5.64 10 
2 
cm / s e c ,  about  one-fourth the  s o l u t i o n  va lue .  I n  t u r n  we c a l c u l a t e  DA/ i  = 
Following the  d i f f u s i o n  experiment flow was induced i n t o  t he  upper 
chamber with a Harvard sy r inge  pump and Hamilton l eak - f r ee  syr inge .  I n  
these  experiments C was maintained a t  1 N KC1.  Resu l t s  from Overman 
0 
(1968d) a r e  summarized i n  Table 3.2. It i s  concluded t h a t  equa t ion  (3.9) 
a c c u r a t e l y  p r e d i c t s  s teady  s t a t e  t r a n s p o r t  through sand f o r  Pec l e t  numbers 
of magnitude below 10. A p p l i c a b i l i t y  of t he  theory beyond t h i s  range was 
no t  checked. 
No d i f f i c u l t y  seems t o  a r i s e  wi th  d e f i n i t i o n s  of the  terms. It ap- 
pears  s u f f i c i e n t  t o  inc lude  the  e f f e c t  of t o r t u o s i t y  i n  the  system d i f -  
f u s i o n  c o e f f i c i e n t .  This i s  convenient  from an a p p l i c a t i o n  s tandpoin t .  
It would be u s e f u l ,  of course ,  t o  p r e d i c t  the d i f f u s i o n  c o e f f i c i e n t  from 
measurement of such f a c t o r s  a s  void r a t i o  and p a r t i c l e  s i z e .  
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